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A general series solution to the magnetoelastic problem of interacting circular inclusions in plane magnetoelasticity
is provided in this paper. By the use of complex variable theory and Laurent series expansion method, the general
expression of the magnetic and the magnetoelastic complex potentials for the circular inclusion problem is derived.
Expanding the deﬁnition of the Airys stress function of pure elastic ﬁeld into the magnetoelastic ﬁeld and applying
the superposition method, the general expression then can be reduced to a set of linear algebraic equations and solved
in a series form. An approximate closed form solution for the case of two arbitrarily located inclusions is also provided.
For illustrating the eﬀect of the pertinent parameters, the numerical results of the interfacial magnetoelastic stresses are
displayed in graphic form.
 2005 Elsevier Ltd. All rights reserved.
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The problem of elastic materials containing inclusions has been studied by many earlier investigators.
For examples, the elastic stress ﬁelds evoked by the existence of an inﬁnite number of periodically or ran-
domly distributed inclusions have been found by Hashin (1983), Willis (1983), Isida and Igawa (1991). The
elasticity problems of a ﬁnite number of arbitrarily located inclusions within an inﬁnitely extended medium
were treated by Moschovidis and Mura (1975), Tandon and Weng (1986), Rodin and Hwang (1991), Gong
and Meguid (1993). Several works have devoted to the elastic ﬁelds in antiplane elastostatic problems of
two circular inclusions, such as Gorce and Wilson (1967), Budiansky and Carrier (1984), Steif (1989),0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.07.021
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mechanical loading. It is a new and challenging problem to ﬁnd the magnetic and the magnetoelastic ﬁelds
induced by the magnetic loadings acting on a soft ferromagnetic medium with multiple inclusions.
For the magnetoelastic problem associated with one single inclusion bonded to an inﬁnite matrix sub-
jected to magnetic loadings, Lin (2003) found the magnetic and magnetoelastic ﬁelds in the matrix and a
perfectly bonded elliptic inclusion. Furthermore, the magnetoelastic problem of an inﬁnitely extended
matrix containing a partially bonded circular inclusion was studied by Lin et al. (2004). However, the meth-
odology used in the above-mentioned single inclusion problem cannot be directly applied to the present
multiple inclusion problem with more than two separate interfaces. In this study, the complex magnetoelas-
tic stress potentials (Lin and Yeh, 2002) and the Laurent expansion method (Isida, 1973; Gong and
Meguid, 1993) will be applied to derive the general expression of both magnetic and magnetoelastic com-
plex potentials that satisfy the corresponding boundary conditions of each inclusion. For investigating the
interaction eﬀects between the inclusions, the extension of the Airys stress function into the magnetoelastic
ﬁeld together with the superposition principle is used to provide further relations between the coeﬃcients in
Laurent series of the complex potentials. Via the use of perturbation technique, an approximate closed
form solution up to fourth order of the magnetoelastic stress function for the special example with two cir-
cular inclusions is derived to illustrate the application of the present approach. The corresponding numer-
ical results are also given to demonstrate the dependence of magnetoelastic hoop stresses or interfacial
stresses upon the material and geometry parameters.2. Complex potentials in magnetic ﬁeld
Consider an array of circular inclusions perfectly bonded to a matrix, of inﬁnite extent and of relative
magnetic permeability lr and shear modulus G, subjected to remote uniform induction B0 (see Fig. 1).
The quantities of the jth inclusion with radius aj centered at the origin Oj of the coordinate system (xj, yj)
and (rj, hj) are extinguished by the subscript j. Basing on the two-dimensional theory of magnetoelasticity,
the magnetic induction (or magnetic ﬂux density) Bi (i = x, y) and magnetic intensity Hi (i = x, y) can be
expressed with the magnetic potential function h(z) as (Lin and Yeh, 2002)Bx þ iBy ¼ l0lrðHx þ iHyÞ ¼ l0lrh0ðzÞ ð1Þ
wherehðzÞ ¼ uðx; yÞ þ icðx; yÞ ð2Þ
The notation prime indicates diﬀerentiation with respect to the complex variable z (=x + iy) and overhead
bar denotes complex conjugate and l0 = 4p · 107 N/A2 is a universal constant. Since no magnetic singu-
larities are assumed to reside inside or on the boundary of the inclusion, the magnetic potential functions
can be, respectively, expanded into Laurent series and Taylor series ashðzjÞ ¼
X1
n¼0
½An;jznþ1j þ Dn;jzðnþ1Þj  ð3Þin the matrix andhjðzjÞ ¼
X1
n¼0
En;jznþ1j ð4Þin the inclusion.
The matrix and the circular inclusions are now assumed to be perfectly bonded along the interface
zj ¼ ajeihj , which implies both the continuity conditions u = uj and l0lrc = l0lrjcj across the interface.
Fig. 1. Circular inclusions in an isotropic magnetoelastic medium.
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Eqs. (3) and (4) into the continuity conditions and obtainX1
n¼0




½En;janþ1j znþ10 þ En;janþ1j zðnþ1Þ0  ð5Þandlr
X1
n¼0




½En;janþ1j znþ10  En;janþ1j zðnþ1Þ0  ð6Þwhere z0 ¼ eihj .




En;j ¼ 2lrlr þ lrj
An;j ð8Þ
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k ð9ÞBy using the transformationzk ¼ zj  djkeiujk ð10Þ
between the jth and kth inclusion coordinates, Eq. (9) can be rearranged into a form as Eq. (3) with the








ap;kn;jDp;k ð11Þwhere dn0 represents the Kronecker delta andap;kn;j ¼
ð1Þpþ1
ðdjkÞnþpþ2




nþ p þ 1
p
 
¼ ðnþ p þ 1Þ!
p!ðnþ 1Þ! ð12ÞThe unknown coeﬃcient Dn,j can be obtained by substituting Eq. (7) into Eq. (11). Thus, the magnetic
problem with N inclusions is solved.3. Complex potentials in magnetoelastic ﬁeld
On the basis of the complex formulation of the plane magnetoelasticity (Lin and Yeh, 2002), the resul-
tant force acting on the material to the left of the arbitrary arc AB and the corresponding displacement of
the material can be written asfx þ ify ¼ i /ðzÞ þ z/0ðzÞ þ wðzÞ þ Gl0vðkþ 2GÞ hðzÞh







ux þ iuy ¼ 1
2G
j/ðzÞ  z/0ðzÞ  wðzÞ  Gl0vðkþ 2GÞ hðzÞh
0ðzÞ
 
ð14Þwhere / (z) and w (z) denote the complex potential functions of magnetoelastic stress ﬁelds. The symbol G
is shear modulus, j = 3  4m for plane strain with m being the Poissons ratio (England, 1971) and v
(=lr  1) denotes magnetic susceptibility. It is remarked that those terms related to body force are omitted
in Eqs. (13) and (14).
For the present problem of circular inclusions bonded to a matrix subjected to a remote uniform mag-
netic induction, the complex potential functions of magnetoelastic stress take the form as/ðzjÞ ¼ P log zj þ /ðzjÞ; wðzjÞ ¼ Q log zj þ wðzjÞ ð15Þ
in the matrix and/jðzjÞ ¼ /j ðzjÞ; wjðzjÞ ¼ wj ðzjÞ ð16Þ
in circular inclusions. Since no singularities are assumed to locate inside or on the boundary of the inclu-
sion, we can expand the functions /*(zj) and w*(zj) into Laurent series as/ðzjÞ ¼
X1
n¼0
½Mn;jznþ1j þ F n;jzðnþ1Þj ; wðzjÞ ¼
X1
n¼0
½Kn;jznþ1j þ Sn;jzðnþ1Þj  ð17Þ








Ln;jznþ1j ð18ÞBy substituting Eq. (15) into Eqs. (13) and (14) and taking the displacement to be single-valued, the con-






½ðfy þ ifxÞcj ð19Þ
jP þ Q ¼ 0 ð20Þwhere Res½h0ðzÞh0ðzÞ is the residue value of the function h0ðzÞh0ðzÞ and ½ðfy þ ifxÞcj represents the jump in
(fy + ifx) across a contour cj. Since there is no resultant force applied on any contour in the present prob-













0 þ F n;jaðnþ1Þj zðnþ1Þ0 þ Pz20 þ ðnþ 1Þ½Mn;janþ1j znþ10  F n;jaðnþ1Þj znþ30 
(




0 þ cn;jzðnþ1Þ0 
 l0ðlr þ vÞ
2







0 þ ðnþ 1ÞRn;janþ1j znþ10 þ Ln;janþ1j zðnþ1Þ0
(
þ Gjl0vjðkj þ 2GjÞ ½pn;jz
nþ1










Cj j½Mn;janþ1j znþ10 þ F n;jaðnþ1Þj zðnþ1Þ0   Pz20  ðnþ 1Þ½Mn;janþ1j znþ10  F n;jaðnþ1Þj znþ30 
(











0  ðnþ 1ÞRn;janþ1j znþ10  Ln;janþ1j zðnþ1Þ0
(
 Gjl0vjðkj þ 2GjÞ ½pn;jz
nþ1
0 þ qn;jzðnþ1Þ0 
)
ð23Þ
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dn;j ¼ 1nþ 1
Xn
m¼0
ðn mþ 1Þðmþ 1ÞAnm;jAm;j  2
X1
m¼0




nþ 1 ð1 dn0  dn1Þ
Xn2
m¼0
ðm nþ 1Þðmþ 1ÞDnm2;jDm;j þ 2
X1
m¼n










wn;j ¼ 1nþ 1
Xn
m¼0
ðn mþ 1Þðmþ 1ÞEnm;jEm;j ð27ÞComparing the coeﬃcients of each power of z0 in Eqs. (22) and (23), we can obtain the following explicit



















S0;j ¼ 2gjRe½M0;ja2j 
Gl0v















2ð1þ jÞ g0;j 
Gjvjaj
ðkj þ 2GjÞ p0;j
 










2ðjj þ CjÞ g1;j þ
Gjvjðjj þ 1Þa2j
ðkj þ 2GjÞðjj þ CjÞ p1;j
" #
ð30Þ




j ½ðn 1Þbjcn2;j þ bn;j
þ Gjl0vj
kj þ 2Gj a
nþ1
j ðn 1Þbjqn2;j þ
jj þ 1
Cj þ jj pn;j
 











Cj þ jj gn;j
 
ðnP 2Þ ð31Þ
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ð1 ajÞð1 bjgjÞ
1 ajbj




ðkj þ 2GjÞð1 bjÞaj
p0;j
" #
þ ðaj  gjÞð1 bjÞ
1 ajbj








Rn;j ¼ ð1 ajÞMn;j  Cjl0ðlr þ vÞ




ðCj þ jjÞðkj þ 2GjÞ pn;ja
ðnþ1Þ
j ðnP 1Þ ð33Þ
























ð34Þwhereaj ¼ jj  CjjCj þ jj ; bj ¼
1 Cj
1þ Cjj ; gj ¼
jj  1 Cjðj 1Þ
2Cj þ ðjj  1Þ ¼
aj  bj
ð1 bjÞ  bjð1 ajÞ
ð35Þare material constants for the jth inclusion. In Eqs. (28)–(34), only two coeﬃcients Mn,j and Kn,j remain
unknowns. They can be determined as the speciﬁc geometry and loading conditions are given. Eqs. (17),
(18), (21) and (28)–(34) constitute the general expressions of the complex potentials satisfying continuity
conditions in plane magnetoelasticity for each circular inclusion.
The general expression of Airys stress function in plane magnetoelasticity can be represented asU ¼ Uðz; zÞ ¼ Re z/ðzÞ þ
Z
wðzÞdzþ Gl0v




¼  l0ðlr þ vÞ
2
½h0ðzÞ2 ð37Þ
and the total stresses are related to the Airys stress function byðtxx þ tyyÞT ¼ 4 o
2U
ozoz




In which the superscript denotes the total stresses which are the sum of the magnetoelasticity stresses and
Maxwell stresses (Lin and Yeh, 2002). For the magnetoelastic problem with N array of circular inclusions,
the Airys stress function in the matrix can be represented asU ¼ U0 þ
XN
k¼1
Uk þUM ð39Þwhere U0 is Airys stress function corresponding to the homogeneous problem under the uniform stress















r1y  r1x þ 2is1xy þ
1
2l0
ðB20y  B20x þ 2iB0xB0yÞ
 
zj ð41Þ
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2ðkþ 2GÞ hðzjÞhðzjÞ þ W ðzjÞ
 
ð42Þ
Since the magnetic potential function h(z) for the matrix has been solved as mentioned in the previous sec-
tion, the explicit form of the function UM can be derived by inserting the solved h(z) into Eq. (42). The
Airys stress function of the magnetoelastic stress Uk, which contains singularity inside the kth inclusion,
















k ð44ÞSubstituting Eq. (10) into Eq. (44) and using Eqs. (15), (17), (40)–(42), one can obtain the magnetoelastic
stress functions /*(zj) and w*(zj) corresponding to Eq. (36) as/ðzjÞ ¼
X1
n¼0
½Mn;jznþ1j þ F n;jzðnþ1Þj ; wðzjÞ ¼
X1
n¼0
½Kn;jznþ1j þ Sn;jzðnþ1Þj  ð45ÞwhereMn;j ¼ 1
4












r1y  r1x þ 2is1xy þ
1
2l0











nþ p þ 2
p þ 1
 
eiðnþpþ4Þujk ð47ÞBy means of the perturbation technique (Gong and Meguid, 1993), Eqs. (7), (11), (28)–(31), (46) can be
used to determine the unknown coeﬃcients An,j, Dn,j in Eq. (3) and Mn,j, Fn,j, Kn,j and Sn,j in Eq. (45) suc-
cessively as shown in Appendix A. Thereafter, the coeﬃcients En,j, Rn,j and Ln,j can be obtained via the use
of Eqs. (8), (32)–(34) then the magnetoelastic problem of an inﬁnite matrix containing multiple circular
inclusions is solved.4. Results and discussion
The general solution of the multiple inclusion problem is too complicated to be expressed in an explicit
form. In order to illustrate the procedure of ﬁnding the closed-form approximate solutions by applying
the present method, we now focus on the change of magnetoelastic ﬁeld of the ﬁrst inclusion (j = 1) caused
by the appearance of the second inclusion (j = 2) as shown in Fig. 2. With the coeﬃcientsMn,j, Fn,j, Kn,j and
Sn,j solved in Appendix A, a series form of the stress complex potentials in the matrix can be expressed asUðz1Þ ¼ /0ðz1Þ ¼ 1d
X1
n¼0




Fig. 2. Two arbitrarily located inclusions in an inﬁnite matrix.
S.-C. Chen, C.-B. Lin / International Journal of Solids and Structures 43 (2006) 6243–6260 6251where the perturbation parameter q is now deﬁned as a1/d12. Although picking more terms in Eq. (48) with
a given parameter q can reduce the deviation between the series solution and the exact solution, neverthe-
less, the leading order terms will provide an asymptotic solution once the two inclusions are suﬃciently
apart. It is also noted that the relative magnetic permeability lr of a soft ferromagnetic material is much
greater than 1. Thus, referring to the estimation given by Gong and Meguid (1993) and neglecting the terms
with the same order of magnitude as (lr  lrj)/ [(lr + lrj)lr], the solution up to fourth order is found as











































































































ð49ÞandWð0Þðz1Þ ¼ Kð0Þ0;1 þ 2g1M ð0Þ0;1 þ
Gv
kþ 2Gþ
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½g1M ð0Þ0;1  b1 Reðe2iu12Kð0Þ0;1Þa21z21





























½g2e4iu12M ð0Þ0;2  2b2e6iu12Kð0Þ0;2a61z61
ð50Þ
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ð0Þ
0;j (j = 1,2) are deﬁned in Eq. (A.10). The magnetoelastic stress potentials corresponding
to the zero order terms of q in Eqs. (49) and (50) represent the solutions for a single circular inclusion and
the higher order terms are related to the interaction eﬀects between the inclusions. For the special case that
the terms related to the magnetic ﬁelds vanish and the ﬁrst inclusion (j = 1) becomes a circular hole, the
present solution reduces to the pure elastic one. Thus the dimensionless hoop stress around the circular hole
that can be found from Eqs. (36), (38), (48), (49) by taking b1 = g1 = 0 of circular hole is identical to the
results given by Gong and Meguid (1993).
In the following illustrative examples, we assume a plane strain condition with m = m1 = m2 = 0.3 and
a1 = a2. As our ﬁrst example, we consider a circular hole (C1 = 0, lr1 = 1) interacting with an elastic inclu-
sion (j = 2). The dependence of the magnetoelastic hoop stress at point A upon the material constants with
the relative inclination u12 ranging from 0 to 180 is depicted in Figs. 3 and 4. In these ﬁgures, the distance
between both inclusions is taken as d12/a (=1/q) = 4 then the good accuracy of the present fourth order
solution is guaranteed. Fig. 3 displays the variation of the hoop stress at point A with diﬀerent inclination
u12 and shear modulus ratio C2 of the elastic inclusion. It is observed that the magnetoelastic hoop stress
attains maximum increase or decrease under the extreme case of a circular hole (C2 = 0). This implies that
the shield or the antishield eﬀect of a circular hole for magnetoelastic hoop stress is dominant. The eﬀect of
the relative magnetic permeability ratio on the magnetoelastic hoop stress with the conditions C2 = 5 and
lr2 = 100 is shown in Fig. 4. It is to be noted that the magnetoelastic hoop stress increases with the increas-
ing of the relative magnetic permeability ratio lr/lr2 up to a value of 100. Such results can be interpreted as
that the increasing of the diﬀerence between lr and lr2 will conduct more magnetic induction in the matrix
pass around the elastic inclusion rather than go through it. Therefore, more magnetic induction will go
along the matrix between the hole and the inclusion then higher magnetoelastic hoop stress at point A is
induced. When the ratio lr/lr2 increases over 100, the increase of the hoop stress will be saturated. The
inﬂuence of the distance d12/a on the magnetoelastic hoop stress with lr = 200, lr2 = 1 and C2 = 0 can
be found from Fig. 5. Here the elastic inclusion (j = 2) also becomes an elastic hole. The magnetoelasticFig. 3. Variation of magnetoelastic hoop stress at point A with C2 and u12 (lr = 200, lr2 = 100, d12/a = 4).
Fig. 4. Variation of magnetoelastic hoop stress at point A with lr/lr2 and u12 (lr2 = 100, C2 = 5, d12/a = 4).
Fig. 5. Variation of magnetoelastic hoop stress at point A with d12/a and u12 (lr = 200, lr2 = 1, C2 = 0).
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S.-C. Chen, C.-B. Lin / International Journal of Solids and Structures 43 (2006) 6243–6260 6255hoop stress at point A under diﬀerent inclination tends to the same extreme value when the distance be-
tween both circular holes increases. This means that the increase of the distance between both holes will
reduce the interaction between them then both holes can be regarded as independent once they are far en-
ough. It is also noticed that the curve of u12 = 135 in Fig. 5 is near to be ﬂat. This fact is due to that the(a)
(b)
(c)
Fig. 6. Variation of interfacial magnetoelastic stresses at point A with C1 and u12 (lr = 200, lr2 = 1, C2 = 0) (a) radial stress trr
(b) tangential stress thh (c) shear stress trh.
6256 S.-C. Chen, C.-B. Lin / International Journal of Solids and Structures 43 (2006) 6243–6260value of the hoop stress at point A under the distance d12/a = 4 and the inclination u12 = 135 is close to the
extreme value at large d12/a.
As our second example, the interaction of an elastic inclusion (j = 1) and a circular hole (C2 = 0, lr2 = 1)
which is located away from the elastic inclusion d12/a (=1/q) = 4 is considered. The inﬂuence of the shear
modulus ratio upon the magnetoelastic interfacial stress at point A of matrix with lr = 200 is displayed in
Fig. 6. It is concluded that the increase or decrease of interfacial magnetoelastic stresses at point A may
depend on the relative position of the circular hole. The interfacial radial stress attains its positive or neg-
ative maximum increase when a circular hole (C2 = 0) is located with inclination u12 = 0 or u12 = 40
relating to a rigid inclusion (C1 =1) as presented in Fig. 6(a). The interfacial magnetoelastic tangential
stress, depicted in Fig. 6(b), will decrease with the increase of the shear modulus ratio C1. It is interpreted
that the inclusion with high stiﬀness will conduct the load path of the interfacial magnetoelastic stress into
the radial stress rather than the tangential stress. As depicted in Fig. 6(c), the interfacial shear stress is
found to change sign with the variation of the inclination u12 from 0 to 180.5. Conclusions
A general series solution to the magnetoelastic problem of multiple circular inclusions is obtained from
the extension of the Airys stress function into the magnetoelastic ﬁelds together with the complex variable
theory and the Laurent series. The solution for the problem of an inﬁnitely extended matrix containing two
inclusions is also presented in an approximate closed form by the use of perturbation technique. Two illus-
trative examples of the interaction between a circular hole and an elastic inclusion are considered. The
numerical results of magnetoelastic hoop stress or interfacial stresses at a speciﬁc point on the matrix
are shown with ﬁgures to present the eﬀects of various parameters. Once the number of terms in the series
solution is taken as many as required, the results obtained in this paper can be applied to the case that two
inclusions become closer.Acknowledgement
The authors would like to thank the ﬁnancial support by National Science Council, Republic of China,
through Grant No. NSC-92-2212-E-252-003.Appendix A
In order to apply the perturbation technique, the magnetic potential function h(z) in Eq. (3) and the


































ðA:2Þwhere d is some characteristic length related to the distance between the circular inclusions and the corre-
sponding coeﬃcients are deﬁned asAn;j ¼ An;jdnþ1; Dn;j ¼ Dn;jdðnþ1Þ; Mn;j ¼ Mn;jdnþ1
F n;j ¼ F n;jdðnþ1Þ; Kn;j ¼ Kn;jdnþ1; Sn;j ¼ Sn;jdðnþ1Þ
ðA:3Þ







; sj ¼ aja ðA:5Þwhere aj is the radius of the jth inclusion and a is some representative size of an inclusion. Therefore, the


























ðA:6ÞSimilarly, the expression of the coeﬃcients in Eqs. (24)–(27) also can be expressed in terms of the power































ðA:7Þwheredn;j ¼ dn;jdnþ1; gn;j ¼ gn;jdðnþ1Þ; wn;j ¼ wn;jdnþ1 ðA:8Þ
Furthermore, it is convenient to deﬁne the coeﬃcients ap;kn;j and l
p;k
n;j asap;kn;j ¼ ap;kn;j dnþpþ2; lp;kn;j ¼ lp;kn;j dnþpþ2 ðA:9Þ



































r1y  r1x þ 2is1xy þ
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